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Introduction 

The study of boundary layer flow of an electrically conducting fluid has many applications in 

manufacturing and natural process which include cooling of electronic devices by fans, 

cooling of nuclear reactors during emergency 

in a cooling bath, textile and paper industries, glass

and rubber sheets, the utilization of geothermal energy, the boundary layer control in the field 

of aerodynamics, food processing, plasma studies and in the flow of biological fluids.

The mixed convection boundary layer flow of non

magnetic field has wide range of application in nuclear engineering and industries. In 
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A B S T R A C T 

 

 

General group transformation technique is applied to analyze the natural 

convection boundary layer flow of MHD Non-

vertical flate surface. Similarity equation which is highly non

ordinary differential equation and is solved numerically for particular Non

Newtonian fluid. Results for velocity distribution, skin friction coefficient 

and temperature variation are discussed.   

The study of boundary layer flow of an electrically conducting fluid has many applications in 

manufacturing and natural process which include cooling of electronic devices by fans, 

cooling of nuclear reactors during emergency shutdown, cooling of an infinite metallic plate 

in a cooling bath, textile and paper industries, glass-fiber production, manufacture of plastic 

and rubber sheets, the utilization of geothermal energy, the boundary layer control in the field 

, food processing, plasma studies and in the flow of biological fluids.

The mixed convection boundary layer flow of non-Newtonian fluid in the presence of strong 

magnetic field has wide range of application in nuclear engineering and industries. In 
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astrophysical and geophysical studies, the MHD boundary layer flows of an electrically 

conducting fluid through porous media have also enormous applications. These studies are 

also used for modeling and simulation. Many researchers have studied the transient laminar 

natural convection flow past a vertical porous plate for the application in the branch of science 

and technology such as in the field of agriculture engineering and chemical engineering. In 

petroleum refineries, movement of oil, water and gas through porous media for purification 

and filtration are bright applied areas of research. 

Duwairi and Damesh [1]studied the natural convection heat and mass transfer by steady 

laminar boundary layer flow over an isothermal vertical flat plate embedded in a porous 

medium. Mukhopadhyay et al. [2] investigated the forced convection flow and heat transfer in 

a porous medium using the Darcy-Forchheimer model.  

A MHD flow in a duct has also been studied by Chang and Lundgren [3]. Attia and Kotb [4] 

investigated the two dimensional MHD flow between two porous, parallel, infinite, insulated, 

horizontal plates and the heat transfer through it when the lower plate was kept stationary and 

the upper plate was moving with uniform velocity. 

Timol and Kalthia [5] is probably first to develop systematic analysis of natural convection 

flows of all non-Newtonian visco-inelastic fluids characterized by the special functional 

relationship of stress strain components.Ghosh and Shit [6] presented an interesting result on 

mixed convection MHD flow of Viscoelastic fluid in a porous medium past a hot vertical 

plate. 

Similarity methods deal with reducing systems of partial differential equations into systems of 

ordinary differential equations. Group methods, a class of methods which lead to a reduction 

of the number of independent variables, were first introduced by Birkhoff [7]in 1948. Moran 

and Gaggioli[8,9]presented a theory which has led to improvements over earlier similarity 

methods. Similarity analysis has been applied intensively by Gabbert[10]. For more additional 

discussions on group transformation refer Ames[11, 12], Bluman and Cole[13], Boisvert et 

al.[14] and Gaggioli and Moran[15,16]. Throughout the history of similarity analysis, a 

variety of problems in science and engineering have been solved; many physical applications 

are illustrated by Abd-el-Malek et al.[17,18]. 

Recently this method has been successfully applied to various non-linear problems by Hiral 

and Timol[19] and Darji and Timol[20].Jain, Darji and Timol [21] presented an interesting 

result on natural convection boundary layer flow of non-Newtonian Sutterby fluids. So 

motivated by this, we produce similarity solution via group transformation technique for 

MHD Non-Newtonian fluids of laminar natural convective boundary Layer flow. 
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Governing equations 

The basic equations of continuity, momentum and heat transfer of two dimensional steady 

laminar natural convection flow over a vertical permeablesurface in the presence of transverse 

magnetic field with a Cartesian coordinate system in usual notations as 

��
�� + ��

�� = 0                                                                                                  (1) 

� ��
�� + � ��

�� = 1



�
�� ����� + ��� − MB� �                                                (2)  

� ��
�� + � ��

�� = � ���
���                                                                             (3) 

With the stress-strain relationship 

� ����, ��
�� = 0                                                                                  (4) 

With boundary conditions 

� = 0,                           � = � = 0,      � = �" 

(5) 

� = ∞,                                    � = 0       � = 0     
Where � is thermal diffusivity, � is the volumetric thermal expansion coefficients,$ = %

& '( 

is magnetic parameter. 

Formulation of the problem 

Introducing the dimensionless quantities as 

�∗ = *+, �  , �∗ = �
, (-.3 *+)/�  , �∗ = �

'∞

  , -. = '∞,
�  

�∗ = �
'∞

( -.3*+)/�  , ���∗ = ���
'∞
� ( -.3*+)/�  , �∗ = �

(�" − �∞) 

�"∗ = �"(�" − �∞)  , 0+ = '1,
�-.   , *+ = ,

'∞
� ��(�" − �∞)                                  (6) 

Substitute the values in equation (1) to (5) and the asterisks (for simplicity), 

We get 

��∗
��∗ + ��∗

��∗ = 0                                                                                 (7) 
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�∗ ��∗
��∗ + �∗ ��∗

��∗ = 1



�
��∗ ��∗�∗�∗� + �∗ − $B��∗                                              (8) 

 

�∗ ��∗
��∗ + �∗ ��∗

��∗ = 1
30+

���∗
��∗5                                                                    (9) 

With the stress-strain relationship 

� ��∗��, ��∗
��∗ = 0                                                                              (10) 

With boundary conditions 

� = 0, �∗ = �∗ = 0, �∗ = �"                                            (11) 

� = ∞, �∗ = �∗ = 0                                                                     (12) 

Introducing stream function ψ such that, 

�∗ = �7
��          , �∗ = − �7

��                                                                 (13) 

Equation of continuity (1) gets satisfied identically, equation (8-12) become 

�7∗
��∗

��7∗
��∗��∗ − �7∗

��∗
��7∗
��∗5 = �

��∗ ����∗ � + �∗ − $B� �7∗
��∗                                      (14) 

�7∗
��∗

��∗
��∗ − �7∗

��∗
��∗
��∗ = 1

30+
���∗
��∗5                                                            (15) 

� 8�∗��, ��7
��� 9 = 0                                                                                 (16) 

With boundary conditions, 

� = 0, �7
�� = �7

�� = 0, �∗ = �"                                                (17) 

� = ∞, �7
�� = 0 , �∗ = 0                                                             (18) 

Solution of the problem 

The problem will be solved by applying linear group transformation technique to the partial 

differential equations (14)-(16).By the application of this transformation, the two independent 

variables(�, �) are reduced by one and the differential equation (14)-(16) will transforms into 

the ordinary differential equations. 
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 For the present problem we introduce one parameter group of transformation given below: 

�̅∗ = Γ<=�∗  , �>∗ = Γ<5�∗, ��̅�∗ = Γ<?���∗  

7>∗ = Γ<@7∗  , �̅∗ = Γ<A�∗B>∗ = Γ<CB∗                                     (19) 

Where�/, ��, �D, �E, �F, �GandΓ are constants. 

Introducing the linear transformation, given by equation (19), into the Equations (14)-(16) and 

then we obtained similarity variable as follow,  

H = �∗

�∗/D
  , 7∗ = I(H)�∗�D , �∗ = *(H)�∗J/D���∗ = K(H)  LMN B = B1�J/D        (20) 

The reduction to an ordinary differential equation 

The similarity variables (20) maps equations (14)-(18) in to the following non-linear ordinary 

differential equations 

I ′
5(H) + 2I(H)I ′′(H) − 3K′(H) − 3*(H) + 3$I ′(H) = 0                                      (21) 

2I(H)* ′(H) + I ′(H)*(H) + 1
0O * ′′(H) = 0                                      (22) 

With stress-strain relationship is given by, 

�(K, I ′′) = 0                                                                       (23) 

With the boundary condition 

H = 0  ,         I ′(0) = 0 , I(0) = 0  , *(0) = 1  P�QRSTUUV�" = 1 

H → ∞  , I ′(∞) = 0, *(∞) = 0                                                                 (24) 

 

Results and Discussion 

For finding the numerical solution we have consider the Prandtl-Eyring fluid model. 

Mathematically this model is givenas, 

 

��� = X sin ℎJ/ �1
B

��
��                                                            (25) 

WhereA and C are flow consistency indices introducing the dimensionless quantities. 

 

Introducing the dimensionless quantities 
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K,(H) = �I ,,,(1 + ](I ,,)�)J/�                                                      (26) 

Where � = ^
_`a   ;  ] = &c∞

?
_da5are dimensional flow parameters. 

Substituting it into the equation (21), we get 

I ,,, = 1
3� �I ,5 + 2II ,, − 3* + 3$e,��1 + fe,,5�/�(27) 

and the physical quantity of interest are the coefficient of local skin friction 

gh = 2���
i-.

                                                                                   (28) 

Where ��� = <
√k sin ℎJ/ (� =

5 e,,(0)) 

The numerical method applied to solve equation (27) and (22) with the boundary conditions 

(24)are obtained using MATLAB ode solver.Figures 1-3 shows thatMagnetic fields effect M 

on velocity profile, local shear stress and temperature profile. When increase in magnetic field 

$ = 0.1, 0.3, 0.5, 0.8 causes the boundary layers to thicken. Figures 4-6 shows the effect of 

flow parameters � and ] on similarity variables related to velocity, local skin friction and 

temperature. The boundary layer thickness decreases as the flow parameter � increases by 

controlling flow parameter ] and M. Figures 7-9 shows that the influence of Prandtl number 

on fluid flow. These figures show an increase in Prandtl number causing the boundary and 

thermal boundary layer decreases thickness 

 

 

Figure1.Magnetic field effects on local velocity profile 
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      Figure 2. Magnetic field effects on local shear-stress profile

 

 Figure 3. Magnetic field effects on temperature profile 

 

 

Figure 4(a) 
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Figure 4(b) 

Figure 4.Influence of flow parameter on non-dimensional velocity 

 
Figure 5(a) 

 

 

 
Figure 5(b) 

 

Figure 5 Influence of flow parameter on non-dimensionallocal shear-stress 

 



Sonawane P.M., Timol M.G. /Int. e- J. for Edu. & Math.  vol. 09 (2021) 1-13 

9 

 

 
Figure 6(a) 

 
Figure 6(b) 

Figure 6 shows that influence of flow parameter on non-dimensional temperature 

 

 
Figure 7 Effect of Prandtl number on dimensionlessvelocity of Prandtl Eyring fluid 
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Figure 8 Effect of Prandtl number on skin-friction coefficient of Prandtl Eyring fluid 

 

Figure 9 Temperature variations under the effect of Prandtl number on Prandtl Eyring fluid 

 

Conclusion 

Linear group transformation technique is applied to analyze the natural convection boundary 

layer flow of MHD Non-Newtonian fluids. The governing partial differential equations are 

converted into ordinary differential equations by using group transformation technique. 

Numerical solutions are presented in a graphical form for Prandtl-Eyring fluids. Effect of 

magnetic field, influence of flow parameter and Prandtl number are discussed briefly. The 

present results are same as those available in Panigrahi [22], Na and Hansen [23] and Hayet et 

al. [24]. 
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